Abstract. We show how the choice of an inflationary state that entangles scalar and tensor fluctuations affects the angular two-point correlation functions of the T , E, and B modes of the cosmic microwave background. The propagators for a state starting with some general quadratic entanglement are solved exactly, leading to predictions for the primordial scalarscalar, tensor-tensor, and scalar-tensor power spectra. These power spectra are expressed in terms of general functions that describe the entangling structure of the initial state relative to the standard Bunch-Davies vacuum. We illustrate how such a state would modify the angular correlations in the CMB with a simple example where the initial state is a small perturbation away from the Bunch-Davies state. Because the state breaks some of the rotational symmetries, the angular power spectra no longer need be strictly diagonal.
Introduction
Experimental measurements of the early universe have become remarkably accurate and have allowed us to deduce the details of even earlier epochs [1, 2] . During the past few decades, a rich host of inflationary models have been proposed to explain the origin of this primordial structure. While these models all must necessarily generate the same basic patterns in the primordial fluctuations, they can differ tellingly in what they predict for the yet finer structures in the fluctuations. Different models can generate distinctive features in the primordial power spectra such as small oscillations about a largely scale invariant form, and they can vary quite substantially in the sizes and shapes of the elusive non-Gaussianities that they produce. Choosing to preserve or to break the symmetries of the inflationary background determines further whether the resulting fluctuations are statistically isotropic or whether they can reproduce some of the oddities and anomalies seen in the low multipole moments of the microwave background radiation.
In contrast to the wealth of inflationary models, which are implemented through a choice of an action for the inflaton and perhaps other fields, much less work has been done to study the other essential ingredient of any quantum theory-its quantum state. In part, this has been because until recently [3, 4] a simple language for describing a general state in an inflationary background, aside from particular examples and Bogoliubov transforms of a vacuum state, was largely lacking. It is also typically assumed that the natural state during inflation is the Bunch-Davies vacuum. While observations have largely borne out this expectation, it would be interesting to explore both large and small departures from a Bunch-Davies state.
One observation that simple inflationary models do not adequately explain is the apparent lack of statistical isotropy in some of the low multipole moments in the two-point correlation functions of the CMB [5, 6] . In particular, the correlations on the largest angular scales appear anomalously low, and some of the lowest multipole moments appear to be aligned with each other. Many attempts [7] [8] [9] have been made to explain the origins of these features, usually by including operators that explicitly break the rotational invariance of the standard inflationary picture-for example by selecting a preferred direction or by coupling the scalar and tensor fluctuations directly. Perhaps the most efficient method for exploring the vast space of Lagrangians for generating these anomalies is through an effective theory treatment [10] [11] [12] .
There are some distinct advantages in considering a more general initial state in inflation, as opposed to modifying the Lagrangian, particularly in the case where one wishes to break space-time symmetries. The experimental constraints on Lorentz-violating operators constructed from Standard Model fields are generally extremely stringent [13] . Once a fundamental space-time symmetry is explicitly broken, it is hard not to generate relevant Lorentz-violating operators. One is then compelled to explain why such effects only occurred in the very early universe and why they do not affect the lower-energy fields today. States that do not respect the underlying symmetries of an action, in contrast, are very easy to generate. Additionally, when we consider a standard inflationary model in a more general state, Weinberg's theorem [14] for the existence of a conserved adiabatic mode still holds intact since the dynamical degrees of freedom have not changed.
Choosing a particular state leaves open the question of how the universe happened to find itself in that state in the first place. The approach of this article is that this state is to be understood from a 'bottom-up' perspective. If we parametrise the state in a suitably general way, we can learn what constraints observations place on the state. This knowledge can then be used to guide what more fundamental, 'top-down' dynamics ought to be chosen to lead to an acceptable picture.
In this article we illustrate this idea through a particular example. We explore how an initial entanglement between the scalar and tensor modes during inflation alters the two-point angular correlation functions of the CMB. To isolate what is distinctive of this entanglement, we consider a familiar slow-roll theory with a single scalar field, leaving out any structure in the state beyond this entanglement. The basic theory and description of how the state is fixed appears in the next section. Then in section 3 we derive the propagators for this theory. When the initial state has only Gaussian structures in the scalar and tensor modes, their propagators can be solved exactly. These propagators can then be used to describe how the initial mixing between the two modes evolves to the end of inflation. In section 4 we show how these new features in the power spectra of the primordial fluctuations lead to new structures in the angular correlators of the CMB. One distinctive signature that is absent from the standard inflationary picture starting in a Bunch-Davies state is the appearance of nonvanishing off-diagonal angular correlations in the CMB. In addition, a fairly typical, though not absolutely necessary, feature of these power spectra is the appearance of small oscillations above the Bunch-Davies prediction.
An entangled initial state
Let us start by considering a standard class of inflationary models where the expansion is generated by a single scalar field, φ(t, x). 1 The dynamics of this field and the metric, g µν (t, x), are determined by an action of the form,
The solutions to the equations of motion derived from this action are written as a purely time-dependent, classical background,
together with the quantum fluctuations about it. Because we shall be choosing coordinates where they are equivalent, we do not need to distinguish between the field and its classical expectation value. The detailed form of the potential V (φ) that appears in the action is also not important here-it is sufficient that it satisfy a pair of slow-roll conditions expressed in terms of two dimensionless parameters ǫ and δ which are defined by
Here H =ρ corresponds to the Hubble scale, the natural energy scale associated with the inflationary expansion. When describing small fluctuations about this classical background, we are free to choose our coordinates however we wish as long as we do not alter the simple structure of the background. Since the background has already singled out the time coordinate, it is convenient to write the general metric, now including the fluctuations, in the form
We can use our freedom to choose our coordinates to remove any fluctuations from the scalar field, φ(t, x) ≡ φ(t), and also to write the spatial part of the metric as
Here ζ(t, x) and γ ij (t, x) transform as scalar and tensor fields under the unbroken spatial symmetries of the background metric. The remaining scalar degrees of freedom in the metric are then fixed by imposing the equations generated by varying N and N i in the action. N and N i turn out to be nondynamical; solving their constraint equations determines their corresponding parts of the metric in terms of the scalar field ζ(t, x). To leading order, the result is
The operator ∂ −2 appearing in the latter expression is the inverse spatial Laplacian, which is straightforwardly defined in terms of the spatial Fourier modes of ζ(t, x). Once these constraints have been imposed and the action has been expanded to quadratic order in the scalar and tensor fluctuations, the following leading structure emerges,
In what follows, it will be much more convenient to work in a momentum representation for the spatial dimensions, so we Fourier transform both of the fields. The symmetric tensor γ ij (t, x) is transverse and traceless, and a standard convention for choosing its two independent components is to define h + (t, x) and h × (t, x). For instance, for a gravity wave propagating in theẑ direction these two polarisations correspond to its γ 11 = −γ 22 and γ 12 = γ 21 components,
More generally, labelling the two independent polarisations with λ which is either + or ×, we expand the tensor fluctuations as
where the polarisation tensors e λ ij (k) also satisfy the transverse and traceless conditions, k i e λ ij (k) = 0 and δ ij e λ ij (k) = 0. The polarisations are also orthogonal to each other and normalised with a conventional factor of 2, since each appears twice in γ ij ,
If we similarly expand the scalar field,
then our earlier quadratic action becomes
So far we have concentrated on the dynamical side of the theory-this action determines how things evolve. We next choose an appropriate state in which to evaluate operators. Here we should like to study what happens when the initial state includes some entanglement between the scalar and tensor modes. The goal is to learn the characteristic or distinctive signatures in the angular power spectra of the microwave background that such an entanglement would produce. As long as we are only working to quadratic order, describing the state formally is completely straightforward. The theory is free, so the Hilbert space for the fluctuations is given by the tensor product of the Hilbert spaces for the scalar and tensor fields, H = H ζ ⊗ H h +,× , and-depending on the picture in which we are working-either the operators or the states evolve freely from the initial state in which it has started.
The state that typically is used is an asymptotically defined vacuum state,
What is meant by this notation is that |0(−∞) corresponds to the state that matches with the free Minkowski space vacuum in the asymptotic past, t → −∞, when all of the Fourier modes k have been blue-shifted to scales where the background curvature is negligible, k ≫ H. Of course we are not obliged to consider only this state. In much the same way that we could explore other models of inflation by including additional fields or operators in the action, we can similarly examine the familiar dynamics of a minimal inflationary model in more complicated quantum states. Or working still more generally we could consider an arbitrary inflationary model in an arbitrary state. The way to establish an initial state, defined at a time t 0 , is through an initial density matrix, ρ(t 0 ) ≡ ρ 0 . To solve the horizon problem, we are obliged to assume that t 0 is sufficiently early that the fluctuations responsible for the largest of structures observed today were within the Hubble horizon at this time; but beyond this requirement, t 0 is otherwise unconstrained. For example, t 0 does not need to correspond to the beginning of the inflationary expansion; it is only the starting point for our time-evolution.
Let us write the initial density matrix in the form of an action [3, 4] ,
14)
The S 0 here is integrated over only the spatial coordinates along the initial time hypersurface at t = t 0 , and all of the fields in S 0 are evaluated at t 0 as shown. Once we have chosen a state, the expectation value of an operator O(t) is found by evolving its trace with this density matrix forward to the time t. In the interaction picture, this trace would be for example 15) where U I (t, t 0 ) is the familiar time-evolution operator constructed from the interacting part of the Hamiltonian, H I ,
If the state contains structures that are higher order than what can be expressed quadratically in the fields, these could be included in H I as well. The expectation value of the operator is then
While this expression for O(t) could be used just as it is written [17] , it is more useful to introduce '+' and '−' versions of the fields to write it in terms of a single time-ordered operator,
.
The '+' is meant to indicate a field that appeared in the U I (t, t 0 ) operator, whereas a '−' indicates one that appeared in the U † I (t, t 0 ) operator. If this expression is to reproduce the original one, the convention is that the '−' fields always occur later the '+' fields in the sense that the time-ordering places '−' fields to the left of the '+' fields. The '−' fields are also anti-time-ordered because the Hermitian conjugation reverses the order of the operators.
Here we are analysing just a quadratic theory, so the problem of evolving the expectation value of an operator reduces to the problem of solving the free time-dependence of the fields and leaving the density matrix in its initial state. That is, the problem simplifies to solving a free theory in the Heisenberg picture,
We retain the ± notation nonetheless when writing the density matrix of the initial state. Now let us make a few simplifications. Since we have only expanded the dynamical part of the action to quadratic order in the scalar and tensor fields, we shall do the same for S 0 . Furthermore, since here we wish to investigate the signatures that would be associated specifically with some entanglement between the scalar and tensor fluctuations, as opposed to considering the most general initial state, we shall not introduce any separate structures for either of the fields. Such structures would be represented by terms in S 0 that are either quadratic in ζ(t 0 x) or quadratic in h +,× (t 0 , x). These restrictions leave us with an initial action containing terms that are linear in both fields at once,
The initial density matrix is Hermitian, ρ † 0 = ρ 0 or S † 0 = −S 0 , which in turn implies that A ij ( x − y) is a complex function while B ij ( x − y) is purely real. By expanding the structure functions as 20) we can write this action as
When the particular structure functions B ij k are nonvanishing, the corresponding initial state cannot be obtained through a Bogoliubov transformation of the Bunch-Davies vacuum state, even if we allow transformations in a more general sense that mix the momentum modes of the scalar and tensor fields.
Notice that S 0 is (i) not local in space and (ii) not rotationally invariant. The nonlocality occurs here for the reason that there can be structures or correlations already present in the state at t 0 . We have chosen the structures that describe the initial state, A ij ( x − y) and B ij ( x − y), to be invariant under translations, but they will break the rotational invariance of the dynamical part of the action. The violation of the rotational invariance can enter through the state in two ways. There is the inevitable breaking that occurs simply because an operator that couples scalar and tensor fields is not rotationally invariant. The second possibility is that the structure functions themselves might contain some further directional dependence. To keep the analysis relatively simple, we only include the former by assuming that A ij ( x − y) and B ij ( x − y) depend on || x − y|| but not the direction of ( x − y). Because the matrix containing the tensor fluctuations γ ± ij (t, x) is symmetric, transverse, and traceless, only the corresponding components of the structure matrices for the initial state will contribute; any other components are projected out by the contraction between A ij and B ij with γ ± ij . Let us write these components of the structure functions in the same basis that we used to expand the tensor fields,
and
The rotational invariance of || x − y|| is reflected in the fact that A λ k and B λ k depend only on the magnitude of k ≡ || k||.
In this scenario, the action associated with the initial state becomes
Although we have chosen a comparatively simple state, where the fields can exchange angular momentum with the background described by the functions, A λ k and B λ k , it is important to remember that this formalism can be applied to states that explicitly break the rotational invariance or other symmetries as well. One phenomenologically persuasive reason that we might wish to break these symmetries is that they might be used to generate the observed asymmetries at large scales in the microwave background [5, 6] .
The free action is all that is needed to compute the two-point functions for the primordial fluctuations at leading order. Even so, the propagators for this theory are considerably more complicated than those evaluated in the pure vacuum state, or even in a merely unentangled state. In addition to the scalar propagator, which we shall write as 23) and those for the separate polarisations of the tensor fields, there will also be mixings between the scalar and tensor fields, 24) and through such mixings, the polarisations of the tensor fields also become mixed,
The superscripts on the fields mean that we have four types of each propagator, corresponding to the four choices for the ±± indices introduced earlier. For these entangled states, there are thus both cross-correlations between the scalar and tensor fields and mixings between different polarisations. Neither of these effects occurs for correlators evaluated in the standard vacuum state.
Although the primordial power spectra correspond to setting t ′ = t in the propagators of the entangled state, we have described how to treat a fully interacting theory since the formalism that we have developed in this section can also be used to explore non-Gaussianities or corrections due to cubic and higher order interactions in the full action, S + S 0 .
Propagators and two-point functions
So to find the two-point functions, what we need to do is to solve for the propagators in an entangled state. A straightforward method for doing this is to regard S temporarily as the free action and to treat S 0 , the part associated with the entangled initial state, as an 'interaction'. Later we shall consider S 0 to be 'small', in the sense of its being a small departure from the standard vacuum state; but at this stage we should like to set up the general calculation and not to restrict to the perturbative case from the start. In analysing the theory described by S + S 0 in this interaction picture, we still need to choose an appropriate state from which to build up the state described by ρ 0 . A natural and convenient, although by no means obligatory, choice is the usual Bunch-Davies vacuum state. From this perspective, S 0 describes a particular set of excitations with respect to the standard vacuum.
The propagator for the entangled state equals the sum of all insertions of the 'interactions' from S 0 connected by Bunch-Davies propagators. We shall denote the Bunch-Davies propagators for the scalar and tensor fields by G ±± k (t, t ′ ) and H ±± λλ,k (t, t ′ ). These propagators can in turn be expressed in terms of Wightman functions, which for the scalar fields are
with similar Wightman functions defined for the polarisations of the tensor fields, H
The four propagators for the scalar field are distinguished from each other by the choices for the ± indices,
where the time-ordering corresponds to what we described earlier for the ± fields. A little later we shall provide explicit expressions for the Bunch-Davies Wightman functions, but for now we write the entangled propagators in terms of G >,< k (t, t ′ ) and H >,< λλ,k (t, t ′ ). With the Wightman functions defined thus, we are ready to compute the entangled propagator by summing the corrections due to the interactions at t 0 . The zeroth order contribution, provided there is one, is just the Bunch-Davies propagator itself. But because the terms in S 0 connect different fields, the internal lines of the higher-order corrections can be either scalar or tensor vacuum propagators. The interaction in this picture only occurs at t 0 ; from the perspective of the time-ordering of the '+' fields this is the earliest possible time while for the '−' fields this is the latest possible time. So the contributions from the higher corrections are universal in the sense that the entangled propagators can always be written as the Bunch-Davies propagator, which does depend on the ± indices, plus a term that does not, 2
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In this equation, a thin line indicates a scalar propagator while a thick line represents one of the tensor propagators. The sum of this series is
We could perform the analogous calculation for the tensor propagator, summing again over an infinite series of insertions of the operators associated with the initial state. However, since we have already gone to the trouble of computing the scalar propagator for the entangled state, we can circumvent this laborious calculation by attaching Bunch-Davies propagators to its ends to generate the entangled-state propagator for the tensor fields directly,
Notice that while the polarisations were uncoupled in the free Bunch-Davies state, the entanglement has caused them to become mixed together-that is, ∆H λλ ′ ,k (t, t ′ ) does not vanish if λ = λ ′ . We can connect a + polarised fluctuation to a × polarised fluctuation through a scalar propagator. For example, the leading graph that couples the different polarisations is º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º º ó
And of course, nothing prevents a direct conversion between the scalar and tensor fields in this theory,
which has no zeroth-order term because the vacuum propagator does not connect the scalar and tensor modes.
The quantity that appears in the denominator of the prefactor of each propagator is a purely nonpositive function,
So if we want to avoid having a pole in the propagators, then we should require
We shall return to this bound later when we have explicit expressions for the Wightman functions.
Once we have derived the propagators, all that is needed to compute the two-point functions is to set t ′ = t,
(3.9)
While we did not need the full expressions for the propagators to compute the two-point functions, we have derived them here nonetheless since we would need these propagators to study the influence of cubic and higher order interactions in both the 'dynamical' part of the action, S, and the 'initial' part of the action, S 0 . Such interactions would contribute to the three-point function-and we could similarly add higher-order operators to the initial state too-as well as to loop corrections to the two-point function.
Thus far we have been writing the propagators in terms of the Wightman functions to keep the expressions relatively compact and fairly general. These functions can also be expressed in terms of the mode functions, ζ k (t) and h k (t), associated with the expansions of the fields in creation and annihilation operators, 3
When the inflationary background is in the slow-roll limit, these mode functions can be approximated by their de Sitter forms. Applying the prescriptions that these functions assume the forms appropriate for the Minkowski vacuum in the limit t → −∞, or equivalently when k → ∞, and that they have a canonical normalisation, they are
to leading order in ǫ and δ. We have replaced the time coordinate with the conformal time, dη = dt/a(t), in these expressions since the functions become more compact when expressed in terms of the conformal time η. The Bunch-Davies Wightman functions are then
Since the two-point functions are evaluated at very late times, in the sense that the modes responsible for the fluctuations in the microwave background radiation have been stretched far outside the horizon, we can evaluate them in the t → ∞ or η → 0 (or more correctly, kη → 0) limits in which
In contrast, to allow the initial state to have been causally generated, the modes at the initial times should be inside the horizon; minimally this means that |kη 0 | > 1. In the de Sitter limit, η depends exponentially on the coordinate t, so we could assume that |kη 0 | ≫ 1 if we wished.
In terms of the Bunch-Davies mode functions, the two-point function for the scalar field becomes
while for the tensor fields it is
and there is a mixed scalar-tensor two-point function as well,
Note that each of these two-point functions is purely real. One consequence is that
which will be useful to remember when later we switch to a helicity basis for the polarisations. The condition that we should impose if we wish to avoid a state-dependent pole in the propagators becomes,
We can see that as k → 0, the state in this case should be such that Im A as the coefficients of the operators mixing the scalar and tensor structures in the action for the initial state, but they are not dimensionless, but rather have a mass dimension of 3. We should like to recast these functions in a dimensionless form to parametrise how the state differs from the vacuum. Such a description will also be important in the next section when we analyse an example of the characteristic signatures of this scenario for the two-point angular correlators of the CMB.
There are several mass scales associated with inflation-k, H, M pl , and 1/η 0 -but a natural choice is to absorb some of the factors that appear in ζ k (t 0 ) and h k (t 0 ). If we express the action associated with the initial state in terms of the Bunch-Davies creation and annihilation operators, we find terms of the form
For modes well within the horizon at the initial time, |kη 0 | ≫ 1, using the leading de Sitter forms for the mode functions, this becomes,
This suggests that by defining dimensionless structure functions of the form
these functions describe how we have excited the different k modes in the initial state. Of course, we are always free to define other coefficients however we wish through a dimensionless combination of the mass scales. For example, we could have simply rescaled the initial state structure functions by ζ k (t 0 ) and h k (t 0 ) or their complex conjugates; but unless the modes responsible for the structures that we observe in the CMB were just within the horizon at t 0 , there will not be much of a difference between using the full mode functions and the limiting form that we have chosen.
Although we have been working so far with a general state, the fact that the BunchDavies vacuum gives a good explanation of the observed angular power spectra for the currently measured precisions suggests that we might wish to start by considering relatively small departures from the Bunch-Davies state. Since we have already defined our initial state with respect to the vacuum, a small departure corresponds to choosing the dimensionless parameters to be small, |a 
when possible. At this order in the initial state structure functions, the entangled power spectra are
The functions C(kη 0 ) and S(kη 0 ) appearing in these expressions are
they are the oscillatory relics of the e ±ikη 0 factors in the mode functions. In the limit where a mode starts well within the horizon, they become just cosines and sines; that is, as |kη 0 | grows large, C(kη 0 ) → cos 2kη 0 and
We have also rescaled the two-point functions by dividing each by its standard BunchDavies form in the limit where we neglect the running of the spectral index,
Such a rescaling allows us to see directly how the initial state has modified the primordial spectrum.
Angular power spectra
While we cannot observe the power spectra of the primordial fluctuations directly, we are able to see their influences on the cosmic microwave background radiation and on the distribution of structures in the universe. The primordial fluctuations essentially provide a set of initial conditions for the classical evolution of the universe which leads over time to distinct patterns in the fluctuations in the temperature (T ) and polarisations (E and B) of the CMB. The Epolarised radiation represents the component that can be written as a divergence, whereas the B-polarised component is the divergenceless, 'pure curl', part. The physical principles that connect a set of initial conditions to a prediction for the correlations amongst the fluctuations in the CMB are well understood and moreover can be treated linearly-as a small spatially dependent perturbation to an otherwise smooth, isotropic background [18] [19] [20] [21] [22] .
Since we observe the cosmic microwave background radiation as it appears projected onto the sky, it is convenient to decompose the fluctuations in the CMB into spherical harmonics,
Here 'X' refers to any of the T , E, or B fluctuations in the CMB andê is the direction with respect to which we are defining the spherical harmonics. The relation between the predicted form of a particular sort of fluctuation in the CMB and the primordial scalar or tensor fluctuations is given by the relation,
We have written the different fluctuations using a common symbol, R s k , to include at once all of the primordial fluctuations that we are considering,
In writing these expressions we have also switched from the +, × polarisations of the tensor fluctuations to their ±2 helicity eigenstates. These two bases for the tensor fluctuations are related by
The other set of functions that appear in the above expression, ∆ X ℓs (η, k), are the standard transfer functions 4 ; they tell how the primordial fluctuations produced at some extremely early time η * , such as the end of the inflationary expansion, evolve and contribute to the 'X' fluctuations in the CMB at η. These transfer functions are calculated using a linearised form of Einstein's equations plus the Boltzmann equations that describe how the different ingredients of the universe interact with each other. One useful property, which we can state here without going into a detailed treatment of them, is that the transfer functions satisfy basic parity relations. The T fluctuations and the E component of the polarisation, for example, are both even under s → −s, while the B component is odd under s → −s,
5) The last relation holds because when we reverse the spin, curls circulate in the opposite directions.
The spherical harmonics that appear in the expansions for a X lm and X(η, x; θ, ϕ) are defined relative to different reference axes. We are free to express one sort of spherical harmonics in terms of the other through a suitable 'change of basis' formula,
The functions −m Y * ℓm ′ (k;ê) that relate them are the spin-weighted spherical harmonics. Since there are only spin 0 and spin 2 fluctuations, we shall only be requiring 0 Y lm (k;ê) and ±2 Y lm (k;ê). The former correspond to the ordinary spherical harmonics, 0 Y lm (k;ê) = Y lm (k;ê), but the latter are more complicated. However, ±2 Y lm (θ, ϕ) can be expressed in terms of the familiar spherical harmonics through the relation ±2 Y lm (θ, ϕ) = (Â ± iB)Y lm (θ, ϕ) wherê
which can also be expressed directly as a linear combination of the ordinary spherical harmonics,
Notice that when m = 0, −2 Y l0 (θ, ϕ) = 2 Y l0 (θ, ϕ). In the following, it is convenient further to absorb the normalisation factor appearing above by rescaling the transfer functions,
Substituting the expression for X in terms of the transfer functions into a X lm and then integrating over the angles, yields the more practical form,
There remain only the angular two-point functions to evaluate between different a X lm 's,
This can be done once we have provided the corresponding correlators for the primordial power spectra,
Up to the change in the polarisation basis that we made for the spin 2 fluctuations, these power spectra correspond to those derived in the previous section.
Most generally, we could imagine a primordial power spectrum that depends on the direction of k in addition to the mixing introduced here; but for simplicity, we have been assuming that the dependence of P ss ′ k is only on the magnitude of k. The spin-weighted spherical harmonics satisfy the following orthogonality relation when their 'spin' indices are equal,
(4.12)
For this reason it is instructive to separate the diagonal (s = s ′ ) from the off-diagonal (s = s ′ ) cases when writing the predictions for C
where s and s ′ assume the values 0, 2, or −2. Note that since s Y lm (θ, ϕ) ∝ e imϕ , the correlation functions are still diagonal in m and m ′ ,
We also have trivially that (I
s ′ s . In the standard inflationary picture, the primordial power spectra do not mix different types of fluctuations, P ss ′ k = 0 for s = s ′ . This in turn means that the angular power spectra are diagonal in their angular indices, C X,X ′ ll ′ ,mm ′ ∝ δ ll ′ δ mm ′ . When there is some entanglement between the scalar and tensor fluctuations in the initial state, the angular power spectra no longer need be diagonal in this sense. In this case there are in fact two ways in which the two-point correlators can depart from the usual scenario: (i) in the k-dependence of the power spectra, even the diagonal ones such as P 00 k are affected by the structure of the initial state, and (ii) in non-vanishing correlations between different values of l and l ′ in the angular power spectra. Note that a nonstandard k-dependence-in the T T power spectrum, for instancecan just as easily be generated-or perhaps even more easily generated-by modifying the state of the ζ(t, x) field alone, but that the latter signature is particularly distinctive of having some broken rotational invariance.
T T angular correlations
As an example, let us consider the T T correlation function,
In the standard, statistically isotropic models where P ss ′ ∝ δ ss ′ , only the first line of this expression contributes and the correlations are diagonal in both ll ′ and mm ′ . But when there is some generic scalar-tensor entanglement, there are additional contributions. The largest effect in the diagonal entries, l = l ′ , still comes from the P 00 k contribution, though even the diagonal correlators will have additional contributions because the spin-weighted spherical harmonics are generally not orthogonal to the ordinary spherical harmonics. For example, 5 when m = 0,
in particular, the m = l and m = l − 1 cases are
And when m = 0,
As an illustration, consider the case when m = m ′ = 0. Looking at the diagonal entries of the T T correlation function, we have
So the terms that contribute to these entries of the angular correlation functions have different structures from those that would have appeared in an isotropic model. However, the most distinctive case occurs when l = l ′ . Since the overlaps between the spin-weighted spherical harmonics do not vanish generically, C T T ll ′ ,mm ′ could contain nonvanishing off-diagonal elements as well. As an example, when l ′ = l + 1 and m = 0, the overlap integral between the s = ±2 and s ′ = 0 spin-weighted spherical harmonics is
. (4.20)
5 [24] contains some useful integrals (and their derivations) of associated Legendre functions.
Oscillations
A very general initial state leads similarly to a very general set of angular correlation functions for the CMB. As we mentioned from the outset, the most constructive approach would be to use observations to constrain the scale dependence of the primordial power spectrum. This would in turn constrain the possible k-dependence of the entanglement functions, A λ k and B λ k . But since doing so would be a little too ambitious even for the precision of the current measurements of the CMB, we shall instead plot the leading behaviour of a 'typical' case within our class of states where the initial state contains only a tiny amount of entanglement between the scalar and tensor fluctuations.
Suppose that we have expanded to leading order in the structures of the initial action; the primordial power spectra will then have the forms given at the end of section 3. In principle, the entanglement in this case is parametrised by six real functions, the real and imaginary parts of a Because the entanglement couples the scalar and tensor fluctuations, unless there is some fine-tuning in the structure functions, A λ k and B λ k , the effect of the entanglement on each of the power spectra P ss ′ is similar. As an example, in the limit where the rescaled entanglement parameters are tiny, the scalar-scalar and the symmetric part of the tensor-tensor power spectra receive exactly the same corrections,
In writing these expressions, and in making their associated plots, we have introduced some of the standard parameters used to fit the fluctuations in the CMB. A s and A t are the amplitudes for the pure Bunch-Davies parts of the fluctuations and n s and n t are the indices associated with the running of the power spectra. k * is a pivot scale chosen when performing fits to CMB observations. Also, for the purpose of plotting the effect of the entanglement on the CMB, it is useful to recast the initial time as a wave number, η
Notice that on average, the new terms tend to increase the amplitude; so to match the usual fits without the entanglement we ought to decrease the amplitudes A s and A t slightly to compensate, e.g.
(4.23) Figure 1 . Three basic power spectra. The primordial power spectrum for the scalar fluctuations, P 00 k , is shown in blue, for the tensors, P ++ k , in yellow, and for the mixed scalar-tensor power spectrum, P 0+ k , in light green. In making these plots, we have chosen the fairly standard values A s = 2.285·10 −9 , A t = r A s (where r = 0.2 is the tensor-to-scalar ratio), n s = 0.9619123, and n t = 0. The pivot scale is k * = 0.01. Finally, the parameters chosen to describe the initial entanglement between the scalar and tensor fluctuations are c ll,00 . This figure was generated using the class numerical package [25, 26] . The blue curve (nearly covered up by the yellow curve) shows the total result, while the yellow, light green, and red curves show the contributions from the P In figures 1-4 we illustrate the effect of the entanglement for a particular choice of the parameters, a
k , which we have chosen to be all constant for simplicity. The effect of the entanglement is slightly larger in the scalar-tensor cross-correlation since it is linear in the parameters, although its overall contribution is suppressed in the perturbative limit since it does not have a zeroth order, Bunch-Davies, contribution. An example of a set of primordial power spectra are shown in figure 1 . Figure 2 shows the angular T T correlations generated by these primordial power spectra. To produce these figures we used the transfer functions computed using the class numerical routines [25, 26] . Since the overlap integrals between different spin-weighted spherical harmonics are difficult to evaluate analytically, we have illustrated the case when l = l ′ and m = m ′ = 0 and then multiplied the resulting C T T ll,00 by l(l + 1)/2π) to be able to compare with the standard, nonentangled result. In order to make clearer the role of the entanglement, in figure 3 we show the entangled result with the standard, statistically isotropic part subtracted from it. To highlight the effect on the lowest multipole moments, we show this difference again in figure 4 for the lowest l's. For the particular choice of entanglement parameters that we made, there is generally a suppression in the correlation power up to about l ∼ 40. This could be made larger by increasing the amplitude of the entanglement parameters.
Note that this is only one possibility for the angular correlations in this picture. If instead of having chosen constant values for the entanglement function we had given them a scale dependence, we could enhance or diminish the angular power spectrum for either the large or the small l's.
Concluding remarks
In this article we have explored a few of the implications for a particular type of entanglement between the scalar and tensor fluctuations during inflation. Since this entanglement has only been included within the state, the symmetry-breaking is comparatively mild-the underlying dynamics as described by the 3 + 1 dimensional action is still rotationally invariant. We showed how the propagators could be solved exactly when the initial state includes some simple bilinear structures in the two types of fluctuations, which can be characterised by a . These propagators in turn led to exact expressions for the power spectra of the primordial fluctuations, which include crosscorrelations between the scalar and tensors and between different polarisations of the tensor fluctuations.
Because the formalism allows in principle for very general possible structures in the state, it is difficult to make absolute statements about the possible observational signatures from such entanglements. But when the state is close to the Bunch-Davies state it is reasonable to expect (i) that there will be non-vanishing off-diagonal angular correlations in the CMB, and (ii) that there can be rapid, synchronised oscillations in all of the components of the C T T ll ′ ,mm ′ when the state is defined at an initial time η 0 . The frequency of these oscillations is related to η 0 . To keep the picture causal |kη 0 | should not be smaller than 1 for the wavenumbers relevant for the CMB. For this reason it is not possible to tune the oscillations to suppress the power consistently over the lower l multipole moments, since the apparent coherence in the observations is over a larger number of l's than such a causal-limit would allow. Of course, a suitable choice of the structures a +,× k and b +,× k themselves could be made to mimic the observations more closely.
It is important also to note that the oscillations that we have found are not a necessary or an inevitable consequence of the entanglement. Other works [27] have investigated other entangled theories in de Sitter backgrounds without producing oscillations. Something similar to these cases could have been done in our picture by choosing the structure functions to cancel the kη 0 dependence completely from the mode functions that appear in the initial action. This could be a natural way to define the state when the initial time is not meant to be physically important or when some other principle is being used to define the state than what was done here.
One of our goals in this article was to solve for the effect of a quadratic entanglement in the initial state on the primordial two-point functions exactly. If we had wished instead to examine only states that are perturbatively close to the Bunch-Davies state, then we could also have considered cases with more severely broken symmetries. For example, we have examined states whose structure functions still only depended on k = || k||; more generally, we could also analyse states that depend on the direction of k as well. This would lead to anisotropic power spectra, P ss ′ k , which would be more directly akin to some of the anisotropic models that have been proposed.
We have described the full expression for the propagator in detail and set up an interaction picture for the time-evolution since our formalism could be used to study the possible structures for the state more fully and thereby extract a more complete picture of the universe during the inflationary epoch. To do so, we should include an additional set of separate quadratic structures for each of the scalar and tensor fluctuations. Having such an initial state would allow more natural fits to the CMB angular correlation functions, since these structures would appear already at linear order in the scalar-scalar primordial power spectrum, rather than at quadratic order, as we have seen for the purely entangled state. A complete interaction picture would allow other scenarios to be treated as well. A picture that included cubic structures in the initial state as well as cubic operators in the dynamical part of the action could be used to generate non-Gaussian structures in the CMB. By combining all of these structures and working backwards, constraining them through cosmological observations, we should obtain a deeper picture of our universe and should be better able to deduce what principles and symmetries are needed to understand its earliest moments.
